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&ef : Let DEIR and f : D-R .

We say

that f is uniformly continuous on D
-

there exists S70
if for every 270

so that if X
,YED and Ix-yKS ,

then If(x)-fly)KE .

-
8 depends on

Note : In normal continuity
-

both & and a point XED.

For uniform continuity & only depends on
a

and works at any points in D.

-
Ex : Let f(x) = X? Then f is uniformly

-

continuous
on

D = [0,
8].

I Let 370 ·

Suppose
x , y E [0,

8].

Then

If(x) - f(y)) = (x2 y 2) = (x+ y)(x-3)

-((x) +(2))(x-3)

-(8+ 8)(x- y) = 16(x-y) .

Let S=
Then if x , ne[0,

8) and Ix-y) S we get

-(x
- f(y)) = 16(x -y) > 16 . 8 = 16 . 5 = 2

.



# However, f(x) = X is not uniformly

continuous on D = [0, D)
,

even though it is continuous
on D

.

-

pf : Let c = 1.
-

We will show that for any 810 there exist

X ,YED with Ix-ykS but 1x2y21 > to
Suppose S70 .

Pick any X,YED With (x-y) = E and

x , y > =0

t
1

Then,

(x-j) = (x-y((x+ y) = (z)(x+ y)x(z)(z + -

⑮ = 27

-



Therem: Let DEIR .
If f : D-IR

is uniformly continuous on D
s

then f is

continuous on D.

prot: Let aED and E70 .

Since f is uniformly continuous on D,

there
exists 50 where

if X, YED

and Ix-y1d ,
then If(x)-flu))<d .

Thus ,
if xeD and IX-al8 ,

then

If(x)
- f(a))d .

t
is continuous

at a.



Therem: If f is continuous on [a , b],

then f is Uniformly continuous on [9, b)

Bot:

suppose f is continuous on [a ,
b) but not

uniformly continuous on [a ,
b) .

We will

show this leads to a contradiction.

there

Sincef is not uniformly continuous

exists an 3 .
30 where for any

570

there exist X
,YE(a ,b) with 1x-y1S

butIf(x) - f(x)) > Er

Thus ,
for each31 ,

setting Sn = is there exist

Su
,
te E (a,b) with ISe-Ank

but If(sn)-f(tn) 17, Er .

So we get two sequences
(Sele ,

and Itali

contained in [a,
b] .

By Bolzano-Weierstrass
there exist convergent subsequences (Sni

and (And) .
Since at Sneb and as treb

We know that if s = lim Suc and t= lim Ank
k+x

k+N

then acsEb and acteb (by Hw 2).

Let 230 .



Since Sorts , Eratt,
and Isntrak

there must exist Ko-IN where

ISm-s and I Aut

and ISnErro
Thus ,

Is-tl = /S-Spot Sna Annot trus-el

= IS-Senol + /Sun Arnol + I trust

> E + 4 + k =
2 .

3

So ,
Is-Ald for my

230 .

So,
(s-Al = 0.

thos ,
S-t

= 0 which gives
s =

t.

Hence f(s) = f(t) .

since f is continuous
at s and t We have that

E (f(sm- +(tm) = f(s) - f(t) = 0.

This implies that there exists Mi
,

where



If(sn
..

) - f(An
,

)) < Er

Contradiction ! #
-



&

Application (Approximating continuous functions

Let f be continuous on [a,
b).

Let 370 .

Then the following continuous piecewise

linear function ga
defined on [9,b] will

satisfy 193(X)-flxikE for all X.

How to define go:Sinceiscontin,a
-

Ca ,
b)

,
it is

this there
exists 630 where

it X,
Ye(h ,

b)

and Ix-y1)6 ,
then

Hf(x)-fly)) < 3/2·

Let n
be large

enough so
that he b

satisfies
haS .

Divide [a ,
b) intoa

disjoint intervals
of

length h
,

denoted by IsEn , ....
In where

I
,

=(a,
a+h]

In= (ath ,
a+ 2h) #F

Is = [a+ 2h ,
a+3h]

In = (a+ (n-1h ,
a + ah]



On each interval In= (a+ (k-1)h , atkh)

define ge to be the linear function that

connects the points

(a + (k- 1)h ,
f(a+ (k-1)h) and (a + kh

,
f(a + kh) ·

M

+I Y ↑

f

=] is iJa

By construction,
if Xe Fr ,

then f(x) is

within 3/2 of f(a+ (k-1h) and flatkh) .

By the construction
of 92 ,

either 199(x)-f(atc-ish)) <* (1)

or 199(x) - f(a + kh)( <*(2)

If (1) is true ,
then



19a(X) - f(x)) - (9a(x) + f(a+ (k-14))

+ (f(a+ (k - 14) - f(x))

< [2 + %2 = E

If (2) is true
,

then

19((x)
- f(x)) = (9g(x) - f(u+ kh))

+ (f(a+kh) - f(x))

< 32 + 42 = 3
.

#


